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@ JSSP as disjunctive graph

(@ Network Flow Programming

(3 Dynamic Programming

o Dijkstra Shortest Path Algorithm

o Equipment Replacement Problem
o Traveling Salesman Problem
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JSSP as disjunctive graph
Network Flow Programming
Dynamic Programming

JSSP - an instance

o SRS
Adams, Balas, and Zawack 10x10 instance

10 10

4 88 8686945099167 2899777099 086 3 92
572 350669 475294866 0921827 949 63
983861 0831656645857 78485255377
7942681614099 3546755660769 638 67
36948898289 099267 6 95568767186
199 4815646668 802807¢69962379 0 88
750186497 396 095 897 2665 99 6 52971
4986 7338225117159 7850628295 979
09467138178516629 47652588939 97
350059182867 75699 658481559296
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JSSP

o let J be the set of N jobs {1, Jo, ..., In},
o let M be the set of R machines {My, My, ..., Mr}

o Each job J; must be processed once on every machine M;, so
each job consists of a chain of m operations.

Variables:

© Ymjj, — 1if, in machine m, operation from job ji is
processed before the operation from .

o Xjm is the start time of the operation from job j processed on
machine m.

0 Cpax is the time in which all operations for all jobs are
completed.
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min Chax

s.t.
Vj € J,VmEM: Xj < K
Vj€J,VmeM: Xjp >0
Vj € J,¥0 € {2, ..., R} : X; machineat]j,o—1] T Pj, machineatlj,o—1] < Xj, machineat]j, o]
VjL € J,¥ip € J,¥m E M: Xjim > Xjym + Piym
VjL € J,Vjp € J,Vm E M : Xjy >

«0O)>» «F)»r « > < > Q>

Ko Ymjjp s 1 # J2
Xjim

+pjym — K*x (1= Ymjy jp)s 1 # 2
Vj€J: Cnax > Pj, machineat[j, M) +X',machineat[j,M]







JSSP as disjunctive graph
Network Flow Programming
Dynamic Programming

JSSP - Graph

o Consider a directed graph G with a set of nodes A and two
sets of arcs P and D.

o The nodes A are all pairs (i, /) where i is a machine and j is
the operation of job j on this machine.

o The conjunctive arcs P represent the routes of the jobs.

o Two operations that belong to two different jobs and that
have to be processed on the same machine are connected to
one another by two so-called disjunctive arcs.

o The disjunctive arcs D form m cliques of double arcs, one
clique for each machine /.

o We denote this graph by G = (A, P, D).
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JSSP as disjunctive graph
Network Flow Programming
Dynamic Programming

JSSP with setups

o Machines often have to be reconfigured or cleaned between
jobs.

o This process is known as a changeover or set-up.

o If the length of the set-up depends on the job just completed
and on the one about to be started, then the set-up times are
sequence-dependent.

Previous model:

o Whenever the binary variable Yp;;, = 1 we know that
operation j; precedes operation jo,

o but we do not know if i comes immediately before j or if some
other operation is performed among them.

Example: Y115 =1, Y158 =1, Y118 =1 — Y3118 = 1 is redundant
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JSSP

Now, we want to change the model such that Y, ;, = 1 means,
that job 1 is processed directly before job 2.
Prerequisite:

o prevent, that redundant disjunctive arcs are active
the constraints:

o consider, we have n arcs x;; € {0,1},7,j € {1,..,n}, we need
n n
° > j=1j2i Xij =n—1

° YipigXi < 1,Vj€{l,...n}
n
@ 2ij=1j#i

xj < 1,Vie{l, . n}
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Vj € J,Vme M: Xy < K

Vj € J,VmE M: Xjp, >0

b I

lj;ol

Vj € J,Voe {2,...,R}: Xj,machineat[i,o—l] + Pj, machi [i,o—1] < XJ

Vi € J,Viz € J,Vm e M: Xjim 2 Xjym + Pjym + Sjpjy — K Yimjyjo ot # J2

VL € J,Vi2 € J,Vm € M : Xjym 2 Xjym + Pjym + Sjyjp — K* (1= Ymjyjp)s 1 # 12
Vj € J: Cmax > Pj, machineat[j, M) +X',machineat[j,M]

. N N -
vmeM: XN SN Ymiy = N — 1
. N L :
vmeM: LNy Yy, <1,V € J
. N .
vme My Y, <1, Vi € J




JSSP as disjunctive graph
Network Flow Programming
Dynamic Programming

Network Flow Programming

o Linear Programs often can be depicted as networks and vice
versa.

o Sometimes there are specialized algorithms that can solve
network linear programs many times faster than if they are
solved by the general-purpose simplex method.

o Formulating and solving network problems via linear
programming is called network flow programming.

o Variables x; are the unknown flows in the arcs of the
network.

Now we look at some modeling techniques.
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The total flow into a node equals the total flow out of a node:

E X; — E x; =0
outflows

inflows

(1)

e

c+d-a-b=0

(a) flow conserving node
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Source and

Some nodes are connections to the environment surrounding the
network. At these entryway nodes, there may be a net gain of flow
into the network (source node), or a net loss of flow out of the

network (sink node). b; is a positive constant for a source node,
and a negative constant for a sink node.

Z Xj — Z X; = b;

(2)
outflows

inflows

ct+d-a-b=e

(b) source node = = = = = 9ac
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In a minimum cost network flow problem, the objective is to find
the values of the variables (the x;) that minimize the total cost of
the flows over the network:

min E G Xj

arcs

(3)
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Single Source Shortest Path Problem:

o The problem of finding shortest paths from a source vertex v
to all other vertices in the graph.
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Dijkstra Shortest Path Algorithm
Equipment Replacement Problem
Traveling Salesman Problem

Shortest Path Problem

e e | e = ) 203 4

g - |1 |5 |* e " |1 ]|5)* | | R

o * =] o] 2 * ] g 2 = |*|3|=*

3 * * | % 2 3 * | = e i 3 _5 * * 2
a b o

o a) has optimal solution for nodes 1, 2, 3, 4
o b) has no solution for node 4
@ ¢) no optimal solution exists (paths may.include cycles!) - ...



Application area: Routing in IP networks
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o dj; distance between node i and node j

Variables:

o T — node to which the shortest path is to be found

o x; € {0,1} — arcs in the network

d,'j *X,'j
s.t.
2% = 2iXi=0
> X0 — D 2ixjo =1
Xt = dixTi=—1
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o Let N={1,2,...,n} denote the set of Nodes,

o for each node j in N let P(j) denote the set of its immediate
predecessors,

o and let 5(j) denote the set of its immediate successors.
o D(i,j) is the distance between nodes i and j.
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JSSP as disjunctive graph Dijkstra Shortest Path Algorithm
Network Flow Programming Equipment Replacement Problem
Dynamic Programming Traveling Salesman Problem

Dynamic Programming Perspective

Bellman’s Principle of Optimality

An optimal policy has the property that whatever the initial state
and initial decision are, the remaining decisions must constitute an
optimal policy with regard to the state resulting from the first
decision.

o The state of the optimal decision is not independent from the
state of previous decisions.

o — Dynamic programming is not equal to divide and conquer,
where the subproblems are independent from each other.
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Consider the the arcs connected with node 7:
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o Because we have to consider the shortest paths to the nodes
4,5 and 6!
@ shortest pathto4 =12 — 12 + 12 =24
@ shortest pathto 5 =19 — 19 + 3 = 22
@ shortest pathto6 =19 — 19 + 6 = 25

o It is not the arc with the smallest weight (5 - 7)!
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JSSP as disjunctive graph Dijkstra Shortest Path Algorithm
Network Flow Programming Equipment Replacement Problem
Dynamic Programming Traveling Salesman Problem

Dynamic Programming Perspective

f(j) := length of the shortest path from node 1 to node j

Dynamic programming functional equation
o f(j) = min {D(k,j) + f(k) : k € P(j)} , if P(j) # {}
o f(j) = Infinity , if P(j) ={} and j > 1
o f(1) = 0, (We assume that P(1) = {})

Find optimal path to node j:
@ for each predecessor k in P(j), find optimal path to node k
@ add D(k,j) to the length of each optimal path
@ choose the shortest path, this is the optimal path to node j
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f{1) =0
f(2) =4 + f(4)
f{4) =3 + f(3)

4
Figure 3
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Dijkstra Shortest Path Algorithm

o is a non-recursive solution to the single source shortest path
algorithm in graph theory

o works on both directed and undirected graphs. However,
edges must have nonnegative weights.

all
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Dijkstra Shortest Path Algorithm
Equipment Replacement Problem
Traveling Salesman Problem

@ Start at origin node: F(origin)=0, F(j)=infinity for all other
nodes.

@ update the immediate successors i,i € S(0):
f(i) = D(0, i) + f(0)
@ identify the next nearest (already visited) node j to the origin
@ update the immediate successors of k, k € 5(j):
f(k) = min {D(k,p) + f(p): p € P(k)}
® repeat steps 3 and 4 until all nodes are visited
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Dijkstra Shortest Path Algorithm
Equipment Replacement Problem
Traveling Salesman Problem

Dijkstra Algorithm

Demo:

Dijkstra’ Algorithm
Use tfie "My’ Brevious” and "Ressare” burtons
to animate the algoritim.

@ 2ode being processed
& Fomez sweet fome
@ Eoessed node

Crreviows | @ Splasiwi
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http://www.ms.unimelb.edu.au/~moshe/620-261/dijkstra/dijkstra.html
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JSSP as disjunctive graph Dijkstra Shortest Path Algorithm
Network Flow Programming Equipment Replacement Problem
Dynamic Programming Traveling Salesman Problem

Equipment Replacement Problem

Description - part 2
o A new bicycle costs $500.

o Maintenance costs vary with the age of the bike: $30 in the
first year, $40 in the second year, and $60 in the third year.

o Bicycles will last a maximum of three years before they are
sold.

o He can get $400 if he sells a bicycle after one year of use,
$300 after two years of use, and $250 after three years of use.
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Let’s formulate this as a dynamic programming problem.
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Dijkstra Shortest Path Algorithm
Equipment Replacement Problem
Traveling Salesman Problem

Equipment Rep

Parameters:

0 Ctx, net cost of buying a bicycle at year t and operating it
until year x, including the initial purchase cost, the
maintenance costs, and the salvage value when it is sold.

o Keep bicycle 1 year:
Co1 = €120 = €3 = ¢34 = ¢35 = 500 + 30 - 400 = $130
o Keep bicycle 2 years:
Cop = €13 = Cp4 = ¢35 = 500 + (30 + 40) - 300 = $270
o Keep bicycle 3 years:
Co1 = €o3 = c14 = 5 = 500 + (30 + 40 + 60) - 250 = $380
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Dijkstra Shortest Path Algorithm
Equipment Replacement Problem
Traveling Salesman Problem

Equipment Replace

Figure 15.1: Converting the equipment replacement
problem to a shortest route problem.
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JSSP as disjunctive graph Dijkstra Shortest Path Algorithm
Network Flow Programming Equipment Replacement Problem
Dynamic Programming Traveling Salesman Problem

Equipment Replacement Problem

o Parameters c; are weights of the vertices of the graph.
o Years 1 to 5 are the nodes of the graph.
o Let f(t) be the total cost from year 1 to year t
— Goal: min f(5)
Possible solutions:
o f(5) = co1 + c13 + ¢35 = 570
o f(5) = co3 + ¢35 = 650

o each path from node 0 to node 5 is a solution

Dynamic programming functional equation
o f(t) = min {c(k,t)+ (k) : k € P(t)} , if P(t) # {}
of(l)=0
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Dijkstra Shortest Path Algorithm
Equipment Replacement Problem
Traveling Salesman Problem

Traveling Sa

Similarity SPP - TSP: find a path from node 1 to node N
Differences SPP - TSP:

o TSP: all nodes must be on the path to node N

o SPP: don't need to visit all nodes on the path

o TSP: only looking for the path from node 1 to node N

o SPP: looking for a path to every single node of the network
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Dijkstra Shortest Path Algorithm
Equipment Replacement Problem
Traveling Salesman Problem

JSSP as disjunctive graph
Network Flow Programming
Dynamic Programming

Traveling Salesman Problem

How can we use Dynamic Programming to solve the TSP?
Given S C N with 1 € S and given j # 1,j € S, let C(S,) be the
shortest path that starting at 1, visits all nodes in S and ends at j.
Notice:
o if |S] =2, then C(S, k) = dy x for k=2,3,...,n
o if |S| > 2, then C(S, k) is determined as follows:
@ for each m € S — {k}, find the optimal tour from 1 to m,
@ add D(m, k) to the length of each tour,
@ choose the shortest tour.

Dynamic programming functional equation

_ dl,m7 S = {17 k}
C(S,k) = { Minm sk mes[C(S — {k}, m) + d(m, k)] otherwise
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EXample:
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C({1,2,3,4,5},5) = min|
o C({1,2,3,4},4) + D(4,5),
o C({1,2,3,4},3) + D(3,5),
o C({1,2,3,4},2) + D(2,5),
o C({1,2,3,4},1) + D(1,5)]
C({1,2,3,4},4) = min|
o C({1,2,3},3) + D(3,4),
o C({1,2,3},2) + D(2,4),
o C({1,2,3},1)+ D(1,4)],

usw.
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